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Evolutionary-game based models of nonhierarchical, cyclically competing populations have be-
come paradigmatic for addressing the fundamental problem of species coexistence in spatially
extended ecosystems. We study the role of intraspecific competition in the coexistence and find that
the competition can strongly promote the coexistence for high individual mobility in the sense that
stable coexistence can arise in parameter regime where extinction would occur without the com-
petition. The critical value of the competition rate beyond which the coexistence is induced is found
to be independent of the mobility. We derive a theoretical model based on nonlinear partial differ-
ential equations to predict the critical competition rate and the boundaries between the coexistence
and extinction regions in a relevant parameter space. We also investigate pattern formation and
well-mixed spatiotemporal population dynamics to gain further insights into our findings.
© 2010 American Institute of Physics. �doi:10.1063/1.3431629�

Identifying mechanisms that maintain or jeopardize
biodiversity is a fundamental problem in ecological and
nonlinear science. There has been a growing interest in
this interdisciplinary topic. Numerous models and experi-
ments have demonstrated that species can coexist
through nonhierarchical cyclic competitions, and generic
properties of the competition can be characterized by the
traditional game of “rock-paper-scissor” in combination
with spatial dispersal of static populations. Our work ex-
tends this pursuit by studying the role of intraspecific
competition in coexistence. We find that species coexist-
ence can be favored in the two previously known situa-
tions where extinction is certain in the absence of this
type of competition: (1) locally interacting species with
high mobility and (2) globally interacting or well-mixed
species. In particular, in both cases, when a parameter
characterizing the degree of intraspecific competition, the
intraspecific competition probability, exceeds a critical
value, stable coexistence can occur in a wide parameter
range. While it has been known in the ecological litera-
ture through the study of macroscopic population models
that intraspecific competition can promote coexistence,
our model provides a confirmation of this result but at a
microscopic level. We have also developed a theoretical
framework based on nonlinear partial differential equa-
tions, which is capable of producing results that are in
good agreement with direct simulations. We note that in-
traspecific competitions are also common in other disci-
plines (e.g., social interactions) and we expect our results

to provide insights into the dilemma of competition and
cooperation widely observed in social, economical, and
political systems.

I. INTRODUCTION

Coexistence is fundamental to biodiversity in ecosys-
tems composed of large numbers of interacting species. Un-
derstanding the factors that promote or jeopardize the coex-
istence of competing species is a central issue in
contemporary ecology and biological physics.1–10 In the past
decades, predator-prey models associated with habitat
patches have been investigated intensively and extensively
through deterministic equations with respect to co-
existence.11–15 Besides, as a generalized version of the
predator-prey models, food-web models have been investi-
gated for their dynamical stabilities.16–18 Recently nonhierar-
chical, cyclic interactions have been observed in different
biological systems as an important underlying mechanism
for species coexistence, which can be modeled by evolution-
ary games such as the “rock-paper-scissor” game.6,19–22 The
cyclic relationships have been observed in a number of con-
texts in natural systems and experiments such as colicino-
genic microbes’s competition,23 mating strategies of side-
blotched lizards in California,24 and competition among
mutant strains of yeast25 and coral reef invertebrates.26 To
model these real systems, it is necessary to consider spatial
distributions6,23,27 of populations under the cyclic dynamics,
leading to quantitative insights into species coexistence. For
example, previous theoretical models28,29 predict that local
interaction and dispersal are sufficient to ensure the coexista�Electronic mail: ryang8@asu.edu.

CHAOS 20, 023113 �2010�

1054-1500/2010/20�2�/023113/6/$30.00 © 2010 American Institute of Physics20, 023113-1

Downloaded 12 Aug 2010 to 129.219.247.33. Redistribution subject to AIP license or copyright; see http://chaos.aip.org/about/rights_and_permissions

http://dx.doi.org/10.1063/1.3431629
http://dx.doi.org/10.1063/1.3431629
http://dx.doi.org/10.1063/1.3431629


ence of all three species under the cyclic relationship,
whereas the coexistence is lost when ecological processes
occur over larger scales. These predictions have indeed been
verified in both in vitro30 and in vivo31 experiments.

Quite recently, in the seminal work of Reichenback
et al.,32,33 population mobility, as an important feature of
ecosystems, has been incorporated into spatial cyclic dynam-
ics to better model individual activities ranging from bacteria
run to animal migration. It has been discovered that mobility
can support moving spiral waves and the wavelength can
increase with a parameter characterizing the mobility. When
the mobility parameter exceeds a critical threshold, spiral
waves can outgrow the size of the supporting spatial struc-
ture, preventing species from coexisting. Thus, in general,
the coexistence can occur only when the mobility is suffi-
ciently weak. Although spiral waves have been known in
ecosystem models such as those for prebiotic evolution
processes,4,5 it is still surprising that spiral waves can arise in
rock-paper-scissors games with stochastic interactions. In
particular, individual mobility, as a common feature in eco-
systems, can naturally lead to species coexistence in the form
of spiral-wave patterns and extinction occurs only for high
mobility. Identifying additional factors that promote or ham-
per species coexistence in the paradigm of cyclic dynamics
has been an active area of research.

In nature, intraspecific competitions are quite
common.34–37 Individuals in the same species do compete for
essential life-sustaining resources such as food, water, light,
opposite sex, etc. Intraspecific competition can be expected
to have significant impact on biodiversity associated with
cyclic competitions among species. For example, for side-
blotched lizards in California, those with the same strategy
also compete for mating opportunity. Intraspecific competi-
tion is also common in variety of food chains.34–37 In deter-
ministic models, this competition mechanism has been found
to be essential for species coexistence.1,38,39 To our knowl-
edge, the role of intraspecific competition in the coexistence
of spatially dispersed populations under cyclic competitions
remains to be an unaddressed issue, and the purpose of this
paper is to address it. Our main finding is that, when indi-
viduals locally interact, in the high-mobility regime, in-
traspecific competition can strongly promote coexistence. In
particular, for high mobility, when the rate of intraspecific
competition exceeds a critical value that does not depend on
the mobility, the coexistence is stable, whereas in the ab-
sence of the competition, the coexistence is unlikely. We
derive a theoretical model based on nonlinear partial differ-
ential equations �PDEs� to predict the boundary between the
coexistence and extinction regions in a relevant parameter
space, as well as the critical competition rate. Typical spatial
patterns under the influence of intraspecific competition for
different mobilities are also investigated, both from direct
numerical simulation of game dynamics and from the theo-
retical PDE model, to yield more insights into the role of
intraspecific competition in coexistence. For global interac-
tion, we also find that species coexistence can be facilitated
by intraspecific competition. It is noteworthy that for both
local interactions with high individual mobility and global
interactions, the observation of species coexistence as pro-

moted by intraspecific competition is consistent with the
findings from studies of the Lotka–Volterra system.40–42

In Sec. II, we describe our rock-paper-scissors game
based model for studying cyclic interactions among three
mobile species, incorporating intraspecific competitions. In
Sec. III, we present results from direct game simulations,
derive a set of nonlinear PDEs for the underlying dynamical
process, and compare the predictions of the PDEs with
the direct numerical results. Conclusions are presented in
Sec. IV.

II. THE MODEL

We use the rock-paper-scissors game to model the cyclic
interactions among three mobile species with intraspecific
competition. Species populate a square lattice with periodic
boundary conditions. Each site is either occupied by one in-
dividual or empty so that the system has a finite carrying
capacity. Interactions occur among nearest neighboring indi-
viduals, as follows:

AB→
�

A � , BC→
�

B � , CA→
�

C � , �1�

A � →
�

AA, B � →
�

BB, C � →
�

CC , �2�

A � →
�

� A, B � →
�

� B, C � →
�

� C , �3�

AA→
p

A � , BB→
p

B � , CC→
p

C � , �4�

where three populations A, B, and C cyclically dominate
each other, � represents empty sites and � denotes any spe-
cies or empty sites. Relation �1� represents interspecific com-
petitions, i.e., one species preys on a less-predominant spe-
cies in the cycle and leaves the invaded site empty, which
occurs at the rate �. Relations �2� and �3� define reproduction
and migration that occur at the rates � and �, respectively.
The three types of interactions are based on the model in
Ref. 32. Relation �4� models intraspecific competitions as a
natural mechanism incorporated into the game. Due to the
competition of two neighboring individuals in the same spe-
cies, one individual will die at random and leave its site
empty at rate p. A more detailed illustration of four relations
on square lattice can be seen in Fig. 1. To be concrete, at
each simulation step, a randomly chosen individual interacts
with one of its nearest neighbors at random. For the pair of
selected nodes, intraspecific competition, interspecific com-
petition, reproduction, and exchange occur with probabilities
p / �p+�+�+��, � / �p+�+�+��, � / �p+�+�+��, and
� / �p+�+�+��, respectively. After a random pair of nearest-
neighboring sites is selected, a chosen type of interaction
�intraspecific competition, interspecific competition, repro-
duction or exchange� is performed, if the interaction is al-
lowed. For example, if reproduction is chosen but there are
no empty sites, the reaction fails. We carry out simulations
for a typical waiting time T until extinction occurs for the
high-mobility regime and use the same time for all regimes
of mobility considered in this paper. In the literature,32,33 it
has been established that this time is proportional to the sys-
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tem size N. To make an unbiased comparison with previous
works,32,33 we assume equal reaction probabilities for
reproduction and interspecific competition, i.e., �=�, and set
the summation of intraspecific competition, interspecific
competition, and reproduction rates to be 2, i.e., p+�+�
=2 so that the dependence on the mobility probability � is
the same as compared to models in the literature.32,33

III. SIMULATION AND THEORETICAL ANALYSIS

We focus on two situations reported recently30,32 where
extinction is certain in the absence of intraspecific competi-
tion: �1� locally interacting species with mobility and �2�
globally interacting or well-mixed species.

A. Locally interacted species with mobility

For the scenario that every individual interacts with any
one of the four nearest neighbors on a square lattice with
equal probability, the theory of random walks gives that the
mobility or diffusion constant M is the typical area explored
by one mobile individual per unit time, i.e., M =��2N�−1. For
a 100�100 lattice, without intraspecific competition, the
critical value Mc= �4.5�0.5��10−4 has been identified in
Ref. 32. For M �Mc, the coexistence of three species is
guaranteed; while for M �Mc two species become extinct,
leaving behind a uniform state with only one species. Refer-
ence 32 states that, when the mobility M is low �M �Mc�,
the interacting populations exhibit an entanglement of spiral-
wave patterns, which characterize the endless interspecific
competition, as shown in Fig. 2�a�. With the increase in mo-
bility M, the spiral waves become larger and larger. Once M
goes above the threshold Mc, the spiral-wave patterns out-
grow the system size, causing the loss of coexistence.

Typical snapshots of spatial patterns for different values
of intraspecific competition rate p for small M in the regime

of M �Mc are shown in Fig. 2. Snapshot �a� is obtained for
p=0, which exhibits representative moving spiral waves, as
reported in Ref. 32. For small values of p, say p=0.3, as
shown in �b�, spiral waves are somewhat blurred with more
empty sites, resulting from death induced by intraspecific
competition. When the value of p is increased to 0.6, as
shown in �c�, patterns become more fuzzy and no clear spiral
waves can be identified. For larger values of p, for example,
p=1.6, species together with empty sites tend to be well
mixed. Time series of population densities associated with
these patterns demonstrate that the three species coexist with
small fluctuations in their densities around the respective av-
erage values. The four bottom panels in Fig. 2 correspond to
theoretical predictions from PDEs �to be described later�.
These observations suggest that, for small mobility, intraspe-
cific competition does not jeopardize biodiversity but merely
perturbs the spatial pattern. In the regime of M �Mc, for p
=0, the patterns outgrow the system size, causing the loss of
coexistence as exhibited in Fig. 3�a� by simulations and Fig.
3�b� by theory. However, in the presence of intraspecific
competition �Figs. 3�c� and 3�d��, species can coexist and
tend to be well mixed. We observe that well-mixed patterns
appear to be the only pattern in the original extinction regime
M �Mc. It is noteworthy that the simulations are carried
out on lattices of relatively large size, e.g., N=100�100
so as to suppress any stochastic fluctuations. Our computa-

FIG. 1. �Color online� Schematic illustration of the specific types of inter-
actions among three species A in red �dark�, B in blue �grey�, and C in
yellow �light grey�. For example, interspecific competition �a� happens only
between different kinds of species, i.e., A can kill B, B can invade C, and C
in turn outcompetes A, leaving behind empty sites �white�. Reproduction �b�
is only allowed when empty neighboring sites are available. Migration �c�
happens due to the population mobility, such as exchanging positions with
neighboring individuals �as denoted by red arrow, AB→BA� or hopping
onto an empty neighbor �as denoted by green arrow, C� → �C, where �
represents the empty site�. Intraspecific competition �d� occurs between in-
dividuals from the same kind of species and leaves behind one site empty
randomly, such as AA→A� or �A.

FIG. 2. �Color online� Typical snapshots of spatial patterns for different
intraspecific competition rate p under same mobility M =6�10−5�Mc:
p=0 for �a� and �e�, p=0.3 for �b� and �f�, p=0.6 for �c� and �g�, and
p=1.6 for �d� and �h�. The upper four panels are from direct game simula-
tions and the lower ones are from our PDE model. Each color represents one
of the species and gray represents empty sites. System size is N=500
�500. The color in the theoretical patterns at each spatial site is determined
by the densities of three populations, i.e., if the density of a population is
larger than the others, the color of the site will be set to the color of the
population with a higher probability.

FIG. 3. �Color online� Typical snapshots of spatial patterns for different
p under the same mobility M =6�10−3�Mc: p=0 for �a� and �b� and
p=1.0 for �c� and �d�. �a� and �c� are from computer simulation and �b� and
�d� are from theoretical analysis. System size is N=500�500.
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tions reveal that for sizes of this order of magnitude, the
survival and extinction behaviors are stable from indepen-
dent realizations.

The simulation patterns can be predicted by deriving a
set of PDEs.32 The new ingredient here is the incorporation
of intraspecific competition in the PDE model. Let us denote
na�r , t�, nb�r , t�, and nc�r , t� as the densities of populations A,
B, and C at time t and site r= �r1 ,r2� in the two-dimensional
space, respectively. Neighbors are located at r��r ·ei, where
�ei� is the basis of the two-dimensional lattice. Then we can
obtain the following evolutionary equation for the average
value of an arbitrary population a�r , t�:

�tna�r,t� =
1

z
�

�,i=1

2 �2��na�r � �r · ei,t� − na�r,t��

+ �na�r � �r · ei,t�

��1 − na�r,t� − nb�r,t� − nc�r,t��

− �nc�r � �r · ei,t�na�r,t�

−
p

2
na�r � �r · ei,t�na�r,t�	 , �5�

where z is the number of nearest neighbors of each lattice
site. On the right-hand side of the equation, the first term
denotes the exchange process, where the neighbors moving
into a site and the individual at this site moving out to its
neighbors will induce increase and decrease in na�r�. The
second term describes the increase in na�r� due to reproduc-
tion, and the third and forth terms characterize the decrease

in na�r� due to interspecific and intraspecific competition,
respectively. The coefficient p /2 in the last term comes from
the fact that intraspecific competition induces a death in a
pair of individuals at random with rate p.

We set the length of the lattice to unity and, hence, the
distance between two nearest neighbors is �r=1 /
N. For
N→	 and the lattice size fixed to 1, �r→0. Thus, r can be
treated as a continuous variable together with the expansion,

na�r � �r · ei,t� = na�r,t� � �r�ina�r,t� + 1
2�r2�i

2na�r,t�

+ O��r2� .

Using this expansion, up to the second order, the first term in
the right-hand side of the Eq. �5� becomes

2�

z
�

�,i=1

2

�na�r � �r · ei,t� − na�r,t�� =
�

2
�r2�i

2na�r,t� .

By rescaling the exchange rate � with system size N and a
fixed �diffusion� constant M according to

� = 2MN , �6�

we can get that

�

2
�r2 = M , �7�

where �r=1 /
N. For other terms in Eq. �5�, only the zeroth-
order contributions to na�r , t� in the expansion of
na�r��r ·ei , t� are important in the large system size or the
�r→0 limit. These considerations lead to the following set
of PDEs:

�
�tna�r,t� = M
na�r,t� + �na�r,t��1 − ��r,t�� − �nc�r,t�na�r,t� −

p

2
na�r,t�na�r,t�

�tnb�r,t� = M
nb�r,t� + �nb�r,t��1 − ��r,t�� − �na�r,t�nb�r,t� −
p

2
nb�r,t�nb�r,t�

�tnc�r,t� = M
nc�r,t� + �nc�r,t��1 − ��r,t�� − �nb�r,t�nc�r,t� −
p

2
nc�r,t�nc�r,t� ,

� �8�

where ��r , t�=na�r , t�+nb�r , t�+nc�r , t� is the local species
density and 1−� denotes the density of empty sites. Theoret-
ical patterns are obtained by numerically solving Eq. �8�
from random initial configurations, which agree well with
patterns from direct game simulations as shown in Figs. 2
and 3.

To obtain a general understanding of the combined effect
of intraspecific competition and mobility on species coexist-
ence, we examine the dependence of species coexistence and
uniformity on both the intraspecific competition rate p and
mobility M by calculating the probability of extinction Pext.
A contour plot is displayed in Fig. 4. The blue solid curve
represents the theoretical prediction for the boundary be-
tween the coexistence and extinction regions by numerically

solving Eq. �8�. In the contour plot, two distinct regions can
be distinguished: �I� coexistence region and �II� extinction
region. An interesting finding is that in high mobility region,
species can coexist when p exceeds a critical value pc, re-
gardless of the mobility rate M. The same value of pc has
been successfully predicted by theory. This region is in sharp
contrast to that in the absence of intraspecific competition in
that species coexistence is now promoted in this region. We
note that the theoretical prediction of the boundary for inter-
mediate values of M exhibits some difference as compared to
direct simulations. The disagreement is due to stochastic ef-
fect in simulations that are difficult to be accounted for in the
theoretical framework of nonlinear PDEs. In particular, in
this regime of M values, the wavelength of spirals ap-
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proaches the system size and the evolution of the system is
more sensitive to stochastic effects than in other regimes of
M. The theoretical model is thus incapable of accurately as-
sessing the boundary in the parameter space for intermediate
values of M.

B. Globally interacted species without mobility

We have also considered well-mixed individuals with
global interaction. In this case, individuals can be regarded
as being placed on a fully connected network. Since there is
no mobility, we can set the exchange rate to be �=0. Without
loss of generality, we still set �=� and p+�+�=2. In the
absence of intraspecific competition, the coexistence is un-
stable and extinction can occur.30,32 However, when p ex-
ceeds the same critical value pc
0.7, the probability of ex-

tinction Pext abruptly decreases from 1 to nearly zero,
regardless of the system size, as shown in Fig. 5. Removing
the diffusion terms, our theory in Eq. �8� predicts that
pc=0.7, which agrees well with simulation results, demon-
strating that the critical intraspecific competition rate is uni-
versal for both local and global interactions.

IV. CONCLUSION

In summary, we have studied the role of intraspecific
competition in the coexistence in the framework of spatially
mobile populations under cyclic competitions. For high mo-
bility, when the rate of intraspecific competition exceeds a
critical value, the likelihood of species coexistence can be
considerably enhanced as compared with that in the absence
of the competition. The boundary between these regions and
the critical competition rate have been successfully predicted
by a theoretical PDE model. We have also explored the or-
ganization of spatial population patterns. Overall, our results
demonstrate that the effect of intraspecific competition can
be quite complicated in mobile populations with stochastic
interactions as compared with that in the underlying deter-
ministic system. Our study may have direct implications for
experimental research on biodiversity. For instance, in the
experiment on colicinogenic E. coli,30,31 nutrients in Petri
dish can be reduced to motivate competition within species.
Experimental support for the effects of competition within
species can then be possible. A limitation of the current game
on lattices is the restriction of local interaction to individuals
on neighboring sites. In reality, long-range interactions are
possible. Cyclic game model incorporating both short- and
long-range interactions can be studied in the framework of
structured game or in continuous space.
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