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Free energy amplification by magnetic flux
for driven quantum systems

Ying Tang!23™

Exploring the source of free energy is of practical use for thermodynamical systems. In the
classical regime, the free energy change is independent of magnetism, as the Lorentz force is
conservative. In contrast, here we find that the free energy change can be amplified by adding
a magnetic field to driven quantum systems. Taking a recent experimental system as an
example, the predicted amplification becomes 3-fold when adding a 10-tesla magnetic field
under temperature 316 nanoKelvin. We further uncover the mechanism by examining the
driving process. Through extending the path integral approach for quantum thermodynamics,
we obtain a generalized free energy equality for both closed and open quantum systems. The
equality reveals a decomposition on the source of the free energy change: one is the quantum
work functional, and the other emerges from the magnetic flux passing through a closed loop
of propagators. The result suggests a distinct quantum effect of magnetic flux and supports
to extract additional free energy from the magnetic field.
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dynamics! 4. Continuous efforts have been made to harvest

more free energy, such as from work fluctuations®, coher-
ences®, and correlations’. In the classical regime, the magnetic
field does not affect the free energy change$, as the Lorentz force
is conservative. Different from the classical regime, a magnetic
field can modify equilibrium free energy in the quantum regime?,
and makes charged particles occupy orbits with quantized energy
values known as Landau level!®. These quantum phenomena for
undriven systems motivate us to explore whether magnetism can
alter free energy change for driven quantum systems, even though
the Lorentz force does not induce work in the classical regime. If
the effect existed, it would suggest a new strategy to extract
additional free energy by adding a magnetic field to driven
quantum thermodynamical systems!!-14,

As a theoretical foundation to explore such effect in the driving
process, the Jarzynski equality!!> enables us to quantify free
energy changes from nonequilibrium work measurements>3:
AF = =B 'In (exp(—pW)) gpap> Where (-+)apan denotes an
average over the classical path ensemble. The parameter 8 equals
the inverse of the Boltzmann constant multiplying temperature: f3
= 1/(kgT). In the classical regime, it was found that the magnetic
field does not modify the Jarzynski equality!®20. The quantum
Jarzynski equality and quantum fluctuation theorems?!-3% also do
not have an explicit modification by magnetic flux, including the
results applicable to the case with a magnetic field?>23-2>, Thus,
whether the free energy change of a driven quantum system can
be modified by magnetism, and the free energy amplification
mechanisms itself remain elusive.

Explicitly studying the effect of magnetism in the quantum
dynamical process is challenging due to the following reasons.
First, work is no longer an observable?*. A conventional way to
calculate the free energy change via work measurements utilized
the two-point measurement scheme?4, and the quantum Jarzynski
equality was reached mainly by operator formulation!>21-23, On
the other hand, the interaction between a charged system and a
magnetic field, such as the Lorentz force, depends on the dyna-
mical trajectory in state space. Thus, a path-based framework is
required. To this end, a recent path integral approach3! allows the
investigation of the driving process in a path-dependent manner,
however, the case with a magnetic field was not considered.
Second, a magnetic field breaks the time-reversal symmetry.
Special care is required if using the time-reversal operation to
derive the free energy equality, because the operation may need a
change in the Hamiltonian!%2> with multiple choices proposed
before3233, Third, both closed and open quantum systems
beyond the weak-coupling limit should be covered, as dissipation
typically exists in experiments.

In this paper, we explore the effect of applying a magnetic field
to a driven quantum system on its free energy. As a working
example, we focus on a trapped ion system in the experiment34
and theoretically consider the scenario by adding a magnetic field
(Fig. 1). By analytically calculating the free energy from the
canonical partition function, we find that the free energy differ-
ence can be amplified by adding the magnetic field (Fig. 2a). For
example, after adding a 10-T magnetic field, the predicted free
energy difference has a threefold amplification under temperature
316 nK as tuned in the experiment (Fig. 2b). The amplification
diminishes when temperature increases or magnetic intensity
decreases. In order to further dissect the amplification mechan-
ism, we investigate the driving process and study how magnetism
cooperates with work to alter the free energy change. In parti-
cular, by extending the path integral approach3! to the case with
magnetism, we find that the magnetic field does play a role in the
extended free energy equality Eq. (4), for both closed and open

Evaluating free energy is a central endeavor of thermo-

Fig. 1 Schematic of a driven quantum particle under a magnetic field. A
charged particle is dragged by a harmonic potential, whose minimum
position follows an external force. The gray arrow illustrates a moving
trajectory of the potential well on a two-dimensional plane. A uniform
magnetic field (green arrow) applies to the positive-z direction, which alters
the free energy change in the quantum regime.

quantum systems. A magnetic flux emerges in the free energy
equality as a natural consequence of using the quantum work
functional®!, thus uncovering the source of the amplification. For
the open quantum system, the amplification can be suppressed by
dissipation. We further analytically evaluate the free energy
change for a dragged quantum harmonic oscillator under a
magnetic field and provide detailed experimental designs to
observe the effect.

Results

Free energy amplification by the magnetic field. We consider a
closed quantum system of a particle with mass m and charge q.
The notations p, x are the momentum and position operator
separately, with the bold font denoting the vector form. The
magnetic field is given by a vector potential: B(x) = V x A(x). For
clarity, we focus on a constant magnetic field, B(x) = B. A time-
dependent force f, performs work. The Hamiltonian is:

(p—qA)’
2m
where the subscript S denotes the subject “system”, and V[x, f,] is
the potential. By Legendre transform, the Lagrangian is:
Lglx,f] =mx*/2 4+ qx- A — V[x,f,].

At each time point, after equilibration, the instantaneous
Helmholtz free energy can be evaluated through the partition
function: F[f,]= — B 'In Z[f,]1935. For two steady states with a
constant external force f, at time t =1 and f, =0 at time t =0,
their Helmholtz free energy difference is:

AF = —pIn(Z[f,]/Z[0]). (2)

The partition function Z[f]= [dx,p(x,, x,), where p(x,, x,) is
the canonical distribution of the instantaneous steady state.
For the quantum system Eq. (1), the canonical distribution
can be obtained from the propagator’®3”: p(x,,%,) =
K(x,, —iph;X,,0)|¢, with the subscript denoting the force. The

propagator is analytically solvable for specific examples30. We
next study such a case, i.e., a dragged harmonic oscillator under a
magnetic field. The system consists of a particle moving on a two
dimensional plane with x = (x,y), as illustrated in Fig. 1. The
potential is: V[x.f,] = mw?x%/2 — x'f,, and the Hamiltonian is:
Hlf)] = (p—qA)%/(2m) + mw?x%/2 — x'f,. This potential corre-
sponds to the experiment where the minimum position of the

H[f,] = + Vx.£,], (1)
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Fig. 2 Free energy amplification for a driven quantum system under a magnetic field. a Free energy difference between two steady states of the closed
quantum system in the experiment34: one state is undriven and the other is subject to a constant force. The force causes a free energy change, which can
be amplified by adding a magnetic field at low temperatures. The magnetic intensity is denoted by the color code. The horizontal axis is the effective

temperature T, implemented in the experiment and kg is the Boltzmann constant. b Free energy differences under a set of temperatures T.4 and magnetic
intensities B. The first column for B=0T agrees with the measurement in Table 1 by An et al.34. The results with finite magnetic field predict that the
amplification becomes threefold (x8.94/2.62) under B=10 T and temperature 316 nK. The analytical formula in Eq. (3), and the parameter values can be

found in “Experimental designs”.

potential well follows the force f3%. Before moving forward, we
clarify the terminology to be used. First, the “equilibrium free
energy” or “steady-state free energy” term those calculated from
the partition function. Second, we use “equilibrium” to denote the
stable state with zero magnetic fields and the force is constant.
The term “steady-state” refers to the stable state with a magnetic
field, as a magnetic field can induce non-detailed balance!®-33
leading to a nonequilibrium steady state!”3%38, Third, the
“nonequilibrium” induced by a magnetic field is distinct from
the “nonequilibrium” caused by the external force in the driving
process. Fourth, the “free energy difference (change)” represents
the energy difference between two states, which is evaluated from
either the partition function or the free energy equality with the
forced protocol. We remark that the free energy change between
steady states and the temperature with the presence of the
external field can be defined!92223.253338  Specifically, the
temperature was defined for the nonequilibrium steady state
with magnetic field!®19. The temperature for the quantum system
under an external field can also be defined similarly for the steady
state?>2>, For example, the trapped ion system in the experi-
ment>4 is under controllable temperature even with the external
force field.

When the external driving and magnetic field are absent, the
system can reduce to a one-dimensional quantum harmonic
oscillator with the equilibrium Helmholtz free energy®”:
Fo] = B 'In[2sinh(Bhw/2)] = hw/2 + B 'In (1 — e P*@). The
last term B 'In (1 — e ") — 0 in the zero-temperature limit
B — oo, leading to the zero-point energy Aw/2. When a constant
external force f, is present, the free energy difference between the
two equilibriums with and without the force is!%:
AF = —f2/(2mw?). This free energy variation corresponds to
the “inclusive work”!123%, as the difference between the total
Hamiltonians of the two states. The “inclusive work” leads to a
negative free energy change.

When a magnetic field is present, the propagator for the case
without external force3® gives the free energy at steady-state
(Supplementary Note 2B): F[0] = f~'{In [2 sinh(hw, /2)] +
In [2sinh(Bhw,/2)]}, where w, =&+ w./2, w,=®— w./2,
@ = /w? + w?/4, w.= qB/m. The free energy corresponds to a
sum of harmonic oscillations with the frequencies w; and w,, and
is consistent with the two-dimensional version of Eq. (5.7) in°.

When both a magnetic field and an external force are present,
the propagator has not been obtained before. We calculate the
propagator and use it to evaluate the free energy difference
(Supplementary Note 2B):

f/f, £ f, sinh(Bhw./2)
B 4Bhma

sinh(fhw, /2) sinh(Bhw,/2)
? sinh(Bhw,/2) w3 sinh(Bhw, /2)]’
(3)
as the main result I of the manuscript. The first term is the two-
dimensional version of free energy difference without a magnetic
field. The second term corresponds to the modification by the
magnetic field, which tends to vanish when B — 0. Under the
limit, Eq. (3) agrees with the experimental data in Table 1 of
ref. 3% (Fig. 2b). When the magnetic field is present, the free
energy difference can be enhanced at low temperatures (Fig. 2).
All the free energy formulas calculated from the partition
function are listed in Supplementary Table I

AF =—
2mw?

Extended free energy equality with magnetic flux. The ampli-
fication is a joint effect of the driving force and the magnetic field.
To uncover the mechanism of the amplification, we need to
investigate the driving process and evaluate the free energy
change.

Through using the two-point work measurement scheme?4 and
extending the path integral approach3! to the system with a
magnetic field, we evaluate the work characteristic function
without specifying a time-reversal operation in prior (see
“Methods”). We then obtain an extended quantum free energy
equality for Eq. (1), with a modification by a magnetic flux (main
result II):

i
AF = ,/;*1111 <exp (fﬁWiﬁ [x] + %q(l)iﬁ) > , (4)
qpath
where @5 = //dS - B is the magnetic flux (Fig. 3), and (--*)qpath
denotes an average over the quantum path ensemble. The work
functional W, [x]= [; dt(hv)™" g” dsfj{@V[x(t +s),£,]/of, }3L,
with the superscript T denoting transpose.

To dissect the effect of the magnetic field, we used a path-based
framework, making the continuous-time work functional®! as a
natural choice. Consequently, the magnetic flux is explicitly
decomposed out, serving as another contribution to the free
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Fig. 3 lllustrative diagram of the emergence of the magnetic flux term in the

free energy equality. a Schematic diagram of the forced protocol in Eg. (6).

The blue (red) lines denote the force along with the forward (conjugate) propagators, and the dashed lines correspond to the measurement operator in the

two-point work measurement scheme?4. The symbol # is the Planck constant

, v is the parameter in the characteristic function y(), 7 is the time interval of

the driving process. b A schematic diagram of the propagators in the work characteristic function. The blue (red) lines are the forward (conjugate)
propagators. The two solid-line propagators are from the unitary operators. The dashed red and blue (green) lines are propagators from work
measurements (initial distribution3¢). All propagators contain multiple quantum paths and are idealized as a line. The magnetic flux through the closed-
loop leads to a new term in the free energy equality Eq. (4). The symbols and expressions for the propagators K are listed in the legend, where the tilde

variables are those for the conjugate process and B is the magnetic field. The

expressions for the propagators K are in the Methods section. The x is the

position coordinate and f is the forced parameter, with their subscripts denoting time.
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Fig. 4 A brief summary of historical developments of the free energy
equalities. They include the cases without (classical regime:"215, quantum
regime:21-24) and with a magnetic field'7-1°. The free energy equality is
independent of magnetism in the classical regime but becomes dependent
on the quantum regime.

energy change. This reformulation of free energy equality reveals
the origin of the free energy amplification. Instead, the previous
proof on the quantum Jarzynski equality?>23 used the type of
work definition with discrete-time, such that the magnetic flux
term was not decomposed out in the historical developments on
the free energy equalities summarized in Fig. 4.

We have chosen to calculate the work characteristic function
for the forward process, instead of specifying a time-reversal
operation in prior. A time-reversal component is inherently
contained in the conjugate propagator3?, where the magnetic field
is not reserved. Differently, the time-reversal operation in
ref. 1225 has reversed the magnetic field to preserve the
microreversibility, which is regarded as equivalent to the detailed
balance condition?. For nonequilibrium systems without detailed
balance, such as induced by a magnetic field!?, both the time-
reversal operations with and without reversing the magnetic field
are plausible3233, The previous fluctuation theorem!22> and the
present free energy equality separately use these two types of
time-reversal operations. In addition, we have employed the
present time-reversal operation without reversing the magnetic

4

field to derive the fluctuation theorem (Supplementary Note 1G),
and the result is the same as in ref. 2°. Thus, the emergence of
magnetic flux in Eq. (4) is a consequence of using the continuous-
time quantum work functional3!.

The case of an open quantum system. We next demonstrate that
free energy equality can also be achieved for open quantum
systems. An open system is modeled by Eq. (1) coupled to a bath
of harmonic oscillators. The total Hamiltonian contains the
subject system, heat bath, and coupling: H,,; = H[f;] + Hp +
H SB> Wlth

_ mP;  mwiQ}
Hp = Z( 2 2 ’
k x' C.Clx )
Hep = — ZCka+Z Kk =

kawk

It describes the quantum Brownian motion known as the
Caldeira-Leggett model3®. The heat bath has a set of harmonic
oscillators with mass my, oscillation frequency wy, momentum Py,
and position coordinate Q. All bath oscillators are assumed to
have the same mass: m;, = m. The interaction between the system
and bath is given by the bilinear coupling between their position
coordinates, with coupling constant Cy. The last term in Hgp
cancels the frequency shift on the potential function*!.

From influence functional approach®®3, y(v) = [dx, [dx,

Jax, [dx,6(x, — x,)](x,,X,, T|Xy, Xy, 0)p(Xg, Xy). The total pro-
pagator is: J(x,,X,,7|xy,Xy,0) = [Dx [Dxexp(i/h)S>[x, %]
exp[ o(x,X)/h). The total action function S[x,X] = Sg[x]—

Sylx] — [§ dtmy(x"x + %' %), with the dissipation strength y=
11/(2m~) and the damping constant 5. The action functions Sg[x]
and Sg[X] are the same as those of the closed system. The
real exponent ¢(x,%) = (2my/n) [, i coth(Bhir/2)dir [7 dt [ ds
[x(t) — x(t)] " cos i(t — 5)[x(s) — X(s)].

With a similar derivation for the closed system, the full
propagator can be rewritten as: J(x,,X,,7[X),X,,0) = [Dx
fDieXp{(l/h)(SO[X] - SO[iD + iVWI/[X] + (l/h)qq)y}z-[xa i]
Putting it into x(v), we get the same equalities in Eqs. (4) and (7),
with the average taking into account the influence of the heat
bath. Thus, the present free energy equality is valid in the open
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quantum system. We have focused on a specific case of open
systems by Eq. (5) with the Ohmic dissipation. Further extensions
are required for general dissipation*? and coupling modes*3.

The example of a dragged harmonic oscillator. We analytically
calculate the work characteristic function and free energy change
for four cases of a dragged harmonic oscillator: without and with
a magnetic field, as closed and open systems separately.

For closed systems, the first case without magnetic field
(Supplementary Note 2A) demonstrates that a careful treatment
is needed to apply the forced protocol Eq. (6). We provide a
detailed analysis of the process-independence of free energy
change, as a property of the Jarzynski equality!. The second case
(Supplementary Note 2B) is a dragged harmonic oscillator with a
magnetic field as a closed quantum system. The result shows the
analytical dependence of the free energy change on magnetism, as
given by Eq. (2).

For the case of the open system without a magnetic field
(Supplementary Note 2C), the free energy varies with the
dissipation strength (Supplementary Fig. 2), indicating that the
dissipation diminishes the free energy change. For the case with a
magnetic field, the roles of both dissipation and magnetism are
analyzed (Supplementary Note 2D), where the amplification can
be suppressed by dissipation (Supplementary Fig. 3).

This example indicates that the magnetic flux in Eq. (4) is
necessary to capture the total free energy change. We further
propose two experimental designs to measure the free energy
amplification by magnetic flux below. The amplification is
induced by implementing large magnetic intensity and low-
temperature conditions, for which additional energy is
consumed34,

Experimental designs. We provide two possible experimental
designs to detect the effect of a magnetic field on the free energy
change. The first is a single ion trapped in a harmonic potential
well3%, which was used to illustrate the free energy amplification
above. The other is a charged particle, for which both the case of
the closed system and open system are discussed. In practice,
careful treatments are required to implement the experiment
(Supplementary Note 1F). For example, the thermalization pro-
cedure needs a coupling to a high-temperature reservoir*$4>, by
which the dissipation may reduce the free energy amplification.
In addition, the measurement of the magnetic flux term in the
free energy equality demands careful designs, as the propagation
of quantum particles needs to be mapped out. The experimental
setup to test the work functional in3! also requires to measure
such propagated trajectories, which would be useful to the case
with a magnetic field.

As the first example of the closed system, we consider a system
of a single ion, which was used to test the quantum Jarzynski
equality>®. The magnetic field was not implemented in their
experiment. Here, we consider the case with the addition of a
magnetic field. Due to the close connection to the experiment, this
example was used to demonstrate the major result. We focus on
discussing this example as a closed system, and the open system
will be studied for the next example. Specifically, the 171Yb* ion is
trapped in a harmonic potential. By using the notations and values
of the parameters in ref. 34, the scaled mass is m = (wx/v)M =
4.4%1023kg and the total charge is e~1.6x10"1°C. The
harmonic potential has the frequency w =~ 1.3%10°s~1. The
maximum force value is f, = 4.1x10~ 21 N. The effective tempera-
ture is in the range of T € [300,500]nK = [3,5]%10~7 K. If adding a
magnetic field B€[0,10]T, then w,~eB/m € [0,0.4]%10%s71.
Inserting these parameters into Eq. (3), we get the free energy
change as plotted in Fig. 2, Supplementary Fig. 1.

Second, we consider a system of a charged particle. As the
particle is more macroscopic, it is more convenient to
demonstrate the implementation of dissipation to the system,
such that the case of both closed and open quantum are studied
for this example. Specifically, the particle has mass density p =
1.5kgm~3 and radius R=10"%m. Then, the particle’s mass is
m = (4n1/3)pR3 =~ 6.3%10~ 18 kg. If the surface charge density is
o= 0.5 Cm~24, the total charge is ¢ = 47R?0 = 6.3%10712 C. The
typical range of the force from an optical tweezer is [0.1, 300]pN,
and thus we take the intensity of the external force f, to be 10712
N. The particle is trapped by a harmonic potential with frequency
w=10°s"1, leading to mw?=6.3%10"%kgs~2. If adding a
magnetic field B€ [0, 10]T, then w,=eB/me€ [0, 107]s7L.
We approximately have @ € [0,107/2]s~! and w; € [0, 107]s~!
with the magnetic field varying within the given range. When
the magnitude of w. is comparable to w, the effect of the
magnetic field on the dynamics is not negligible. With 7% =
6.6x10734 m2kgs~1, hw,~6.6%[1072810-2"]m2kgs—2. We
consider the temperature range T € [10~4, 298]K. The Boltz-
mann energy is kgT=4.1%x10721 Nm at room temperature
T=298K, and kzT =4.1%x10~2” Nm when T=3%10"%K. At
low temperature, an increase in the magnetic field leads to an
observable quantum effect as fhw; ~ 1.

For the open systems of this setup, we consider a phenomen-
ological way to implement dissipation. For example, dissipation
can be caused by a friction force from the surrounding
environment. The viscosity of air at room temperature is f,;; =
1.81%107>Pas, and thus the damping constant # = 6xf,;R =
2.8410710kgs~l. This value may become lower when the
temperature decreases. We take the damping constant #=
1.3%10712kgs~! at low temperature and the dissipation strength
y=mn/(2m) = 10°s~1. To observe the effect of dissipation, we
consider a range of y € [0,6%10°]s~L. The sampling time in the
experiment can be ¢, < 10 ms as in ref. 47, which gives 1/t, < y, @.
Given these parameters, Supplementary Figs. 2 and 3 illustrate the
free energy change for the second experimental setup.

Discussion

By applying Jensen’s inequality to Eq.
AF < (Wylx] — (i/hB)a®y)_,
second law of thermodynamics (Supplementary Note 1H).
Besides, there is gauge freedom on choosing the vector potential:
A'(x) = A(x) + VA(x) gives the same magnetic field. As ¢dx - V
A(x) =0, Eq. (4) is gauge invariant, which is different from the
Aharonov-Bohm effect*®4%, The present effect is induced by the
closed-loop of the magnetic flux, which does not depend on the
magnetic vector potential.

Besides, the topological effect may lead to interesting phe-
nomena in the free energy change, as the magnetic flux is
quantized: q®, =2mnh. In the classical regime, the special
topology was found to cause an anomalous free energy change>’.
In the quantum regime, the work statistics using an
Aharonov-Bohm flux has been investigated for charged particles
moving along a one-dimensional ring®®. In addition, the
quantum-classical correspondence for work statistics has been
investigated®!. Along with this direction, we have explicitly taken
the semi-classical limit of the magnetic flux term and the free
energy change (Supplementary Notes 1C and 2). When the paths
with maintaining suitable phases are allowed to interfere, the
semiclassical work distribution obtained from classical paths can
be further compared with the present work distribution.

Though the non-Markovian dynamics is relevant in various fields
and applications, such as optomechanical control®?, the system
considered here is mainly Markovian. It was reported that the low-
temperature regime may be affected by non-Markovian effects>>~>4,

(4), we obtain
b It can serve as a generalized
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However, the effect is not dramatic in the current setup. For
example, the experiment>* has reached the low-temperature con-
dition of 316 nK, where the dynamics of the dragged ion is still
Markovian and not yet affected by the non-Markovian effect.
Besides, the current free energy amplification appears already for
the closed quantum system, where the non-Markovian effect caused
by the coupling to the environment®® does not happen.

The steady-state free energy for the quantum Brownian motion
under a magnetic field was studied®. Differently, we calculated the
free energy change driven by an external force, which is also absent
in the quantum Langevin formalism of charged magneto-oscillator
coupled to heat bath®>->7, For the case with an external force,
another study evaluates the free energy change®8. However, they
used a different definition of the work from the typical two-point
measurement scheme and did not obtain the new effect of magnetic
flux. A similar system has been adopted to study Landau dia-
magnetism®. They considered a finite boundary condition, and
thus the solution to the equation of motion is distinct. Its further
generalizations include®®1, where the free energy amplification by
adding both a magnetic field and an external time-dependent
driving was not found. Besides, when the charged particle moves in
a confined area, the states should have discrete energies of Landau
levels!0. The free energy change for such systems remains to be
explored. In addition, we have not considered the time-dependent
magnetic field®2, but the present free energy amplification can
appear even for a constant magnetic field. Under a time-dependent
electromagnetic field, the definition of the thermodynamic work on
a charged particle needs a special care®3. The generalization of the
present free energy equal to the case with the time-dependent
magnetic field is an intriguing direction. Finally, in the emerging
area of quantum information thermodynamics, it is attractive to
study whether a magnetic field can increase the information gain
such as in the quantum Maxwell demon®4,

In summary, by adding a magnetic field to driven quantum
systems, we found that the free energy change can be amplified by
calculating the steady-state free energy. We further uncovered the
mechanism of the free energy amplification through deriving
extended free energy equality for the driving process. An emer-
gent magnetic flux was obtained in free energy equality, revealing
the source of the free energy amplification. The present result
suggests a distinct quantum effect of magnetic flux on the free
energy change, which would motivate a class of new explorations
for driven quantum systems.

Methods
Two-point measurement scheme. For a quantum system, the work can be
defined through the two-point measurement scheme?!-24 W, = E/(1) — E/(0). The

probabrllty of observing this energy difference is p(j, I) = p,l(](r)|US(‘L')|I(0))|2
where p;= (1(0)]ps(0)|1(0)). Here, |I(t)) is the nth energy eigenstate of the system at
time t, and Ug(7)=exp{—i/h [ dtH[f,]} is the unitary operator governing the
time evolution. Corresponding to the Helmholtz free energy, the initial density
matrix is chosen as the canonical form, py(0) = e #slh] /Z[f,], with the partition
function Zg[f,] = [ dxe Pslfol. The work probability distribution is P(W) = %0
(W — W, )p(j]), where 6(W — W;)) is the Dirac delta function By taking the
Fourier transform, the work characterlstlc function is: y(v f dwe"Vp(W) =

35 B O 5O p(j, D). With inserting p(j, 1, x(v) = Tr(U,(z)e " lps(0)Ul (1)
eMslf:]]. The operators e #slfol and ¢™slf:] correspond to the two measurements.

The force protocol. A path integral approach was recently developed for quantum
thermodynamics without magnetism>!. To apply path integral, we use the coor-
dinate representation and interpolate a middle coordinate x,,: xy, (v) =

(3, U (1) [x,,) (3, e~ MM xg) (34 [ (0)[% ) (Ro | U (7) [0 ) (R, /P 5, )
The propagators are recognized as**¥%: (x,|U,(7)[x,,)=K(x,, T+ hv;x,,, v)|; |
(x e (/ML o) <K (x,,. v x0, 0) g, (% | UL (1)[%,) =K (%, 75 %0, O),»

(X, | e/ Ml g V=R (%, T + hv;X,,, T)| . The tilde symbol specifies the vari-
ables for the conjugate propagators, which can be regarded as evolving backward in
time. The subscripts of K, K assign distinct force protocols for the forward and

conjugate propagators:
f
f

fo, 0<t<hv 0<t<T

hw<t<hv+1’

tr
T<t<hv+1

(6)

The force protocol is illustrated in Fig. 3a. It can be implemented by the Ramsey
interferometry scheme®”. For the initial steady-state, we set f,=0.

(forward )f, : { ( conjugate )f, : {

ft—hw

T

Work characteristic function. The propagators are given by the action functions:
[ dx,K(x,, 7+ hv;x,,, )l KX, hvixy, 0)]g = | Dxexp{iS;[x|/n},
J %, K(%,,,7: %9, 0) | K(X,, 7 + hv; %, 7)|¢ = [ DX exp{—iS[x]/h}, where
J/Dx and [ Dx denote path integration. The action functions are3!: S[x]=

WatLlx, £] + [T dtLg[x, €,y ) Ss[R)= [1dtLgx £ + [T deLg[x, £,
The initial dlstrlbutron is p(x,Xy)=(X,|ps(0)|X,). Putting them together, y(v) =
Jdxy [ d%y [ dx, [ d%,6(x, - X,)p(x0:%,) | Dx | Dxexp(i/h){Sox] - Ss[&l}. In
the case with A = 031, the subtraction of the action functions is: Sy[x] — Sy[X] =
Solx] — 84[&] + W, [x], where Sy[x] = [¢" di(mi?/2 — V[x,£,]), §,[%] =
[ dt(mx’ /2 — VIR, E).

When magnetic field is present with A # 0, given the Lagrangian, we can

separate out the terms with A (Supplementary Note 1A):
Sqlx] — Ss[&] = Solx] — Sp %] + qft; dx-A— qf;; dx - A. The integrals of fﬁ;,
j,’; come from the forward and conjugate propagators separately. Besides, the
initial distribution p(x,,%,) can be obtained from the propagator3%:©0:
p(xy,%,) = K(xq, —ifh; Xy, 0)|,, contributing a term g f;z dx - A on the exponent.
In addition, the endpoints x,, X, are identical due to the function 8(x, — X, ).
Together, the paths of all the propagators form a closed loop, as shown in Fig. 3b.
The magnetic field leads to an integral term along the closed-loop (Supplementary
Note 1B): S,[x] — S[x] + qﬁ: dx- A = 8,[x] — S,[%] + hwW, [x] + q®,. Based
on the forced protocol Eq. (6), the paths of the forward and conjugate propagators
are generally different, giving a nonzero magnetic flux ®, = ¢dx- A = [/dS - B by

Stokes’ theorem
Then, x fdxofdxofdx fdx 8(x, — X,)p(Xg, Xq)|a_o / Dx [ DX
Sol&]) + iwW, [x] + (i/h)q®, }. Tt gives:

ol (S
1) = (op (g +j0.)) o)

With Eq. (7), the moments can be extracted, showing a modification by the
magnetic flux in the first order (Supplementary Note 1C,D).

The free energy equality. We next focus on the free energy change. By taking
v=if and using the cyclic invariance of trace opera'ror24 x(p) =

Tr[U, ()¢ 0l pg (0) Ul (r)e P IET] = Trle P IE1]/Z[f ] = Z[f,]/Z[f]. Then,
we reach Eq. (4) in the text.

To obtain the left-hand side in Eq. (4), we used the property of the trace on the
operators. For attaining the right-hand side, we adopted the path integral
formulation. These two views are essentially equivalent. The conventional way to
reach the right-hand side mainly utilizes the operator formulation!221:2224_ Only
until recently, the path integral formulation for quantum thermodynamics was
proposed>!, which is a necessary ingredient to generate the magnetic flux term.
This might explain why historically the magnetic flux term has not been found in
the free energy equality (Supplementary Note 1E).

Data availability
The material that supports the findings of this study is available from the corresponding
author upon request.
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